Name: Student number:

Final Exam Probability Theory

(WBMAO046-05)
Solutions

24 June 2022, 08:30-10:30

» This exam contains 6 pages (including this cover page) and 5 exercises.
» Write your name and student number at the top of EACH page (including this cover page).

* Your answers should be written in this booklet. Preferably, avoid handing in extra paper.
If you do not have enough space to write your solution below the exercise, you can use the back of the sheet.
If this is still not enough space, you can add one (or more) extra sheet(s) to the exam. In this case, indicate
it clearly in the booklet, and write your name and student number on the top of that (these) sheet(s).

¢ Do not write on the table below.
« Sticking to the rules above is worth 10 points.
* It is absolutely NOT allowed to use calculator, phone, smartwatch, books, lecture notes or any other aids.

* Always give a short proof of your answer or a calculation to justify it, or clearly state the facts from the
lecture notes you are using (unless it is stated explicitly in the question this is not needed.).

Exercise Points Score
1 30
2 20
3 10
4 10
5 20
Follow the rules
(name on each page...) 10
Total 100
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Name: Student number:

Exercise 1 (a:9, b:12, c:9 pts)
Let Ui, k € N, be a sequence of independent random variables, distributed according to the continuous uniform
distribution on [0, 1]. For every n € N, let the random variable ¥, be defined by

Y, := max U;.
i=1,...,n

a) Show that Y, has the probability density function

L) =my""py(y),  yER,

where, as usual, 1o ;)(y) equals 1 if y € [0, 1] and O otherwise.
Hint: Consider the distribution function.

b) Compute E[Y,] and Var(Y,) if they exist.
Expected form of the answer: In both cases: a rational function in the variable n, i.e. a fraction whose
numerator and denominator are polynomials in 7.

¢) Show that Z, = n(1 —Y,) converges in distribution (for n — o), and state the distribution in the limit.

Hint: You can use the limit (1 —£)" — e~ as n — oo, and you might want to relate this quantity to the
cummulative distribution function of Z,,.

Solution:

a) Y, takes values in [0, 1] (following from the same property about Uy) and thus
Ja(y) =0 foranyy¢[0,1].

For 1 € [0, 1], we have
n
Fy(t) =P(Y, <t) =P(M_ {U; <1}) = [[P(U: < 1) =17,
i=1
where the second equality holds because the random variables U; are independent. Therefore,

fuly) = ag”y(y) =ny" ! foranyye [0,1].

Hence, we have shown that f;,(y) = ny"~! Lj,1)(y) forany y € R.
b)
n

n+1

1 1
EY, = /R Ya(y)dy = /O yny" 'dy=n /0 y'dy =

1 1 n
EYn2=/y2fn(y)dy=/ yzny”"dy=n/ yHldy = —.
R 0 0 n+2

n_ 2 nn+1)*—n*(n+2) n
n+2 (m+1)2 (m+2)(n+1)2 (n+2)(n+1)%

VarY, = E[Y?] — (EY,)* =

¢) For anyt > 0, and n large enough (n > will be enough for our purpose), we have

— n

P(Z,>1)=P(n(1-Y,) >1)=PY, <1-4L) =P(M_ {U;<1-L})= ﬁP(Ui <I-LD)=(1-5)"—e,
i=1

and thus Fz, (1) — 1 — e~ for any ¢ > 0. We conclude that Z, converges in distribution to a random variable

with exponential distribution of rate 1.
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Name: Student number:

Exercise 2 (a:10, b:10 pts)

An insurance company believes that people can be divided into two classes: those who are accident-prone and
those who are not. The company’s statistics show that an accident-prone person will have an accident at some time
within a fixed 1-year period with probability 0.4, whereas this probability decreases to 0.2 for a person who is not
accident-prone.

We assume that 30 percent of the population is accident-prone.

a) Compute the probability that a new policyholder will have an accident within a year of purchasing a policy.
Expected form of the answer: An exact numerical value.

b) Assume now that a new policyholder has an accident within a year of purchasing a policy. Compute the
probability that he or she is accident-prone.
Expected form of the answer: A fraction of two integer numbers.

Solution:

a) We shall obtain the desired probability by first conditioning upon whether or not the policyholder is accident-
prone. Consider the events

A} = {the policyholder will have an accident within a year of purchasing the policy},
A = {the policyholder is accident-prone.}.
Hence, the desired probability is given by

P(A;) = P(A; | A)P(A) +P(A; | A)P(AS) = (4)(3)+ (.2)(.7) = 0.26.

b) The desired probability is

CP(ANA;)  PAP(AA)  (03)(0.4) 6
Flalan) = IP’(Al)l B P(Al)l T 0260 13
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Name: Student number:

Exercise 3 (10 pts)

Xavier and Yael decide to meet at a certain location. We assume that each of them independently arrives at a time
uniformly distributed between 1 p.m. and 2 p.m. Compute the probability that the first to arrive has to wait longer
than 10 minutes.

Expected form of the answer: A fraction of two integer numbers.

Solution: If we let X and Y denote, respectively, the time past 1pm that Xavier and Yael arrive, then X and Y
are independent random variables, each of which is uniformly distributed over (0,60). The desired probability,
P(X+10<Y)+P(Y + 10 < X), which, by symmetry, equals 2P(X + 10 < Y), is obtained as follows:

QP(X+10<Y) = 2// fxy (x,y)dx dy
x+10<y

=2 / / fx(x) fy (v)dx dy (independence)

JJx+10<y

60 ry—10 / 1\ 2

=2 — | dxd

/l() /o <60) Ty

2 60
=— —10)d

602 [0 (y ) y

2 50
= @ /0 ZdZ

o) yz 50
602\ 2,

2507
T 602 2
52
T e
25
=%
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Name: Student number:

Exercise 4 (10 pts)

Let X and Y be independent Poisson random variables with respective means A; and A,. Compute the distribution
of X +7.

Hint: You may want to use the moment generating functions of X and ¥ (which you can compute or use directly if
you remember it from the lecture notes).

Solution: Since X and Y are independent, we have

Mx 1y (1) = Mx (t)My (t).
And because they are Poisson distributed with means A; and 1, we get
My 1y (t) = exp(Ai(¢' — 1)) exp(Az(e' — 1)) = exp((A1 + A2) (e — 1)).

Hence, X +7Y is Poisson distributed with mean A, + A;.
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Name: Student number:

Exercise 5 (20 pts)

Let B; > 0 and B, > 0. Assume X; ~ Exp(fB;) and X, ~ Exp(f,) are independent. Set ¥} =X, + X, and ¥, =
X1 —X>. Compute the joint probability density function fy, y, of the random vector (¥1,Y>).

Solution: Let g(x;,x2) = (x] +x2,x] —x2), so that we can write

(Y17Y2) = g(XhXZ)'

Since X; and X, are exponentially distributed and independent, we have fx, x, (x1,x2) > 0 if and only if fy, (x;) >0
and fx, (x2) > 0, that is, if x1,x, > 0. So the domain where the random vector (X;,X>) takes its values is the set

D = {(x1,x2) €R?: x1,x2 > 0}.

We will now identify the range R = {g(x;,x2) : (x1,x2) € D}. In this case, a convenient way to find it is to
note that the image under g of horizontal lines {(s,yo) : s > 0} are diagonal lines {(s+ yo,s —yo) : s > 0} =
{(yo,—y0) +s(1,1) : s > 0}. By running over all possible values of yj, we see that

R={(y1,y2) : =y1 <y2 <y1}.

Now that we have found D and R so that the function g: D — R is one-to-one. We find that 7 = g~ ! is given by
h(y1,y2) = (A1 +y2), L1 —»2)).
Therefore, for (y1,y2) € R, we have
le,Y2 (yl 7)’2) = fX| X2 (g_l (yl ,yZ)) ! |‘](y1 ay2)|7
where
&hl 8}11 8h1 8y2 1 1
o)l = [der [ M/ Ao | E
dhy /9y, dhy/dy, 20 2
Thus, for (y1,y2) €R,
1
iy (1,2) = fxy X, (h(1,32)) - 3
1 . .
=3 fx (hi(v1,32) - o (ha(y1,32)), since X and X, are independent,
1 . . . ..
=3 Bi- e Mbr2)Br “Bo-e” ha(y "“)ﬁ% since X and X, are exponentially distributed,
ﬁ ﬁ ‘|+‘2 (Yl—Az"z)ﬁz
=5 )

We conclude that, for any (y;,y,) € R?,

BB _ (Y1+%2)ﬁ1 _01=»)B

mrnOn,y2) = ¢ T =y <y2<y1)-
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